Abstract. In this paper, we study the asymptotic behavior of solutions of the first order delay di¤erential equations of unstable type. A new su‰cient condition is given under which every oscillatory solution of the delay equation of unstable type tends to zero asymptotically.
Introduction
We consider the following first order delay di¤erential equation of unstable type x 0 ðtÞ ¼ qðtÞxðsðtÞÞ; t b t 0 ; ð1:1Þ where q : ½t 0 ; yÞ ! ½0; yÞ is a piecewise continuous function, s : ½t 0 ; yÞ ! ðÀy; yÞ is a continuous, monotone increasing function such that sðtÞ a t and sðtÞ ! y as t ! y.
The purpose of this paper is to give a new su‰cient condition under which every oscillatory solution of (1.1) tends to zero as t ! y. In this paper, a solution of (1.1) is called oscillatory if it has arbitrarily large zeros.
In [2] , Gyö ri studied a general delay di¤erential equation of unstable type which includes (1.1) as a special case and obtained a su‰cient condition lim sup t!y ð t sðtÞ qðsÞds < 2; ð1:2Þ when tðtÞ ¼ t À sðtÞ is bounded, under which every oscillatory solution of (1.1) tends to zero as t ! y. Moreover, for a special case of (1.1), x 0 ðtÞ ¼ qxðt À tÞ; t b t 0 ; ð1:3Þ where q and t are positive constants, Gyö ri ([2, Theorem 4.2]) proved that qtð¼ Ð t tÀt q dsÞ < 3p=2 is a necessary and su‰cient condition for every oscillatory solution of (1.3) to tend to zero as t ! y.
Recently, Philos et al. [8] studied certain delay di¤erential equations of unstable type and derived (1.2) as a consequence of general results. As they pointed out, the gap between the bound 2 in (1.2) and the bound 3p=2 still remains.
The main purpose of the present paper is to narrow this gap by showing that the bound 2 can be improved to 5=2. In fact, we will show (Corollary 2 in section 2) that lim sup t!y ð t sðtÞ qðsÞds < 5 2 ð1:4Þ is a su‰cient condition for every oscillatory solution of (1.1) to tend to zero as t ! y even when tðtÞ ¼ t À sðtÞ may be unbounded.
In section 3, we will study the following equation:
where f ðtÞ is a continuous function of certain type, and it will be shown that (1.4) is a su‰cient condition for every oscillatory solution of (1.5) to tend to zero as t ! y. For a special case of (1.5),
where k is a constant, q, t and l are positive constants, we will prove that qt < 3p=2 is a necessary and su‰cient condition for every oscillatory solution of (1.6) to tend to zero as t ! y.
In section 4, we will give a simple example which shows that lim sup
is a necessary condition for every oscillatory solution of (1.1) to tend to zero as t ! y. Concerning the asymptotic behavior of solutions of delay di¤erential equations, we refer to [1, [3] [4] [5] [6] . We also refer to [7, 9, 10] ; the methods used in these papers will be useful to prove our Theorem 1. Proof. Choose a sequence fT n g n¼0; 1; 2;... such that T 0 ¼ t 0 and for n ¼ 0; 1; 2; . . . ,
Then T n a sðT nþ1 Þ, T nþ1 À T n b 1 for all n and lim n!y T n ¼ y. Let us define
for n ¼ 0; 1; 2; . . . . We see that hðT n Þ ¼ nd=2 for all n and hðtÞ is a continuous increasing function on ½t 0 ; yÞ. For t A ½T n ; T nþ1 Þ, n ¼ 1; 2; 3; . . . , hðtÞ < hðT nþ1 Þ and hðsðtÞÞ b hðsðT n ÞÞ b hðT nÀ1 Þ; which implies hðtÞ À hðsðtÞÞ a hðT nþ1 Þ À hðT nÀ1 Þ ¼ d: Since xðtÞ is oscillatory and x > w 0 , we can define two real numbers t 1 and t 2 by
We see that xðt 1 Þ ¼ xðt 2 Þ ¼ 0, w 0 a t 1 < x < t 2 and xðtÞ 0 0 for t A ðt 1 ; t 2 Þ. Lemma 1 leads to t 1 b sðt 2 Þ. Since sðuÞ is monotone increasing, t 1 b sðuÞ for u A ½t 1 ; t 2 . Then Example 2. In case t 0 > 1=a and sðtÞ ¼ at with 0 < a < 1, we can take hðtÞ ¼ log t, so that e ÀbhðtÞ ¼ t Àb in Theorem 1.
Example 3. In case t 0 > e p and sðtÞ ¼ t p with 0 < p < 1, we can take hðtÞ ¼ logðlog tÞ, so that e ÀbhðtÞ ¼ ðlog tÞ Àb in Theorem 1.
Remark. In the case where 5=2 < QðTÞ < y for some T b s À1 ðt 0 Þ, we can show the following result in the same way as Case 1 in the proof of Theorem 1:
If there exists a continuous increasing function h : ½t 0 ; yÞ ! ½0; yÞ such that hðtÞ À hðsðtÞÞ b d 1 for some constant d 1 > 0, then every oscillatory solution xðtÞ of (1.1) is estimated by jxðtÞj < Ke ahðtÞ ;
where K ¼ Kða; h; xÞ is a positive constant and a ¼ ð2=d 1 Þ logðQðTÞ=2Þ. For example, when t À sðtÞ b d 1 > 0, we can take hðtÞ ¼ t, so that jxðtÞj < Ke at .
Now, we give a consequence of Corollary 2. Proof. Without loss of generality, we may assume that xðtÞ is eventually positive, i.e., there exists t 1 > t 0 such that xðtÞ > 0 for any t > t 1 . Choose T 0 > t 0 such that s The proof is complete. r
By this lemma we obtain the following theorem: Proof. (i) By Lemma 3 and (2.12), xðtÞ is oscillatory. Therefore, by Corollary 2, xðtÞ tends to zero as t ! y.
(ii) Let xðtÞ be a bounded solution of (1.1). By (2.13), xðtÞ satisfies (2.12). Hence xðtÞ tends to zero as t ! y.
The proof is complete. r
Equations with special forcing term
Let A 0 be the set of continuously di¤erentiable functions aðtÞ on ½sðt 0 Þ; yÞ such that lim t!y aðtÞ ¼ 0.
Consider the following equation:
x 0 ðtÞ ¼ qðtÞxðsðtÞÞ þ f ðtÞ; t b t 0 ; ð3:1Þ where f ðtÞ is given as f ðtÞ ¼ qðtÞaðsðtÞÞ À a 0 ðtÞ with some a A A 0 . We compare the asymptotic behavior of the oscillatory solution of (3.1) with that of the homogeneous equation (1.1).
Lemma 4. Let yðtÞ be a continuous, piecewise continuously di¤erentiable function on ½t 0 ; yÞ and a A A 0 . If zðtÞ ¼ yðtÞ þ aðtÞ is a solution of ð1:1Þ and yðtÞ is oscillatory, then zðtÞ is also oscillatory.
Proof. Assume that zðtÞ is not oscillatory. Then there exists t 1 > s À1 ðt 0 Þ such that jzðtÞj > 0 for t > t 1 . Without loss of generality, we may assume that zðtÞ > 0. Since zðtÞ is a solution of (1.1) and qðtÞ b 0, z 0 ðtÞ ¼ qðtÞzðsðtÞÞ b 0 for t > t 2 for some t 2 > s À1 ðt 1 Þ. Then zðtÞ b zðt 2 Þ > 0 for t > t 2 . Since aðtÞ tends to zero as t ! y, we have lim inf
This is a contradiction to the assumption that yðtÞ is oscillatory. The proof is complete. r Theorem 3. If every oscillatory solution of ð1:1Þ tends to zero as t ! y, then every oscillatory solution of ð3:1Þ tends to zero as t ! y.
Proof. Let xðtÞ be an oscillatory solution of ð3:1Þ. Then it follows that x 0 ðtÞ ¼ qðtÞxðsðtÞÞ þ qðtÞaðsðtÞÞ À a 0 ðtÞ; which implies that ðxðtÞ þ aðtÞÞ 0 ¼ qðtÞðxðsðtÞÞ þ aðsðtÞÞÞ. Since zðtÞ ¼ xðtÞ þ aðtÞ is a solution of (1.1), we see from Lemma 4 that zðtÞ is oscillatory. Therefore zðtÞ tends to zero as t ! y by assumption. Hence xðtÞ ¼ zðtÞ À aðtÞ tends to zero as t ! y. The proof is complete. r Corollary 3. If Q y < 5=2, then every oscillatory solution of ð3:1Þ tends to zero as t ! y.
Proof. By Corollary 2, every oscillatory solution of ð1:1Þ tends to zero as t ! y. By Theorem 3, we obtain that every oscillatory solution of ð3:1Þ tends to zero as t ! y. The proof is complete. 
